prsented a common fixed point theorem for a pair of multi-valued maps in a complete metric space extending a recent theorem of Doric and Lazovic. First we generalize the theorem of Singh et al which also extend the theorem of Singh and Mishra(2010). Then we extend the theorem of Damjanovic and Doric to a common fixed point theorem of a pair of multivalued mappings. As an application, we consider the existence of a common solution for a class of functional equations arising in dynamic programming.
bounded subsets of X, K(X) be the set of nonempty compact subsets of X and CL(X) be the family of nonempty closed subsets of X.
H Note that (CB(X), H) is a complete metric space when (X, d) is a complete metric space. Also (CL(X), H) is a complete generalized metric space( in the sense of Luxemburg-Jung, Covitz& Nadler Jr. [7] ).
Theorem A. (see Kikkawa and Suzuki [12] ) Let (X, d) be a complete metric space and F : X → CB(X) a multivalued mapping. Assume that there exists r ∈ [0, 1)such that 1 1+r D(x, F x) ≤ d(x, y) implies that H(F x, F y) ≤ rd(x, y) for all x, y ∈ X. Then F has a fixed pont.
Theorem B. (see Suzuki [19] ) For a metric space (X, d), X is complete if and only if every mapping T on X such that there exists r ∈ [0, 1), θ(r)D(x, T x) ≤ d(x, y) implies that d(T x, T y) ≤ rd(x, y for all x, y ∈ X, has a fixed point where θ : [0, 1) → ( Later, Mot and Petrusel extended the Theorm A as follows:
Theorem C. (see Mot and Petrusel [14] ) Let (X, d) be a complete metric space and F : X → CL(X) a multifunction. Assume that there exist α.β, γ ∈ [0, 1) such that α + β + γ < 1 and 1−β−γ 1+α D(x, F x) ≤ d(x, y) implies that H(F x, F y) ≤ αd(x, y) + βD(x, F x) + γD(y, F y) for all x, y ∈ X. Then F has a fixed point. Definition 2.1. Let (X, d) be a metric space and let F : X → C(X)/CB(X) a muti-valued operator. F is said to be a multi-valued weakly Picard operator ( briefly MWP operator) if for all x ∈ X and all y ∈ F x, there exists a sequence {x n } such that x n+1 ∈ F x n , for all for all n = 0, 1, 2, 3.... starting with any x 0 ∈ X and the sequence is convergent and its limit is a fixed point of F . Definition 2.2. (see [3] ) Let (X, d) be a metric space, f : X → X be a self-mapping and T : X → CB(X) be a multi-valued mapping. The mapping f and T are called R−weakly commuting if for given x ∈ X, f (T (x)) ∈ CB(X) and there exists some real number R such that
Definition 2.3. (see [3] ) The mappings f : X → X and T : X → CB(X) are weakly compatible if they commute at their coincidence points, i.e., if
Theorem D. (see Bose and Roychowdhury [3] , Theorem 3.2) Let (X, d) be a complete metric space and T : X → CB(X) a multivalued mapping and f : X → X. Suppose that there exist two constants θ ∈ [0.1) and L ≥ 0 such that
for all x, y ∈ X, where η :
is a strictly decreasing function, T (X) ⊂ f (X) and f (X) is complete. Then (i) the set of coincidence point of f and T is non-empty, that is, there exists u ∈ X such that f (u) ∈ T u.
(ii) for any x 0 ∈ X, there exists an f −orbit O f (x 0 ) = {f (x n ) : n = 0, 1, 2, 3, ...} of T at the point x 0 such that f (x n ) → f (u), where u is a coincidence point of f and T , for which the following estimates hold:
for a certain constant h < 1. Further, if f and T are R−weakly commuting at u and f (f (u)) = f (u), then f and T have a common fixed point. Theorem E. (see Bose [4] ) Let(X, d) be a complete metric space. Let CB (X) denote the space of nonempty closed bounded subsets of X equipped with the Hausdorff metric H. Let F and G be a pair of mappings from X into CB (X) satisfying the following conditions:
for all x, y ∈ X, where a i , i = 1, 2, 3, 4, 5 are non-negative numbers and 5 0 a i < 1 and a 1 = a 2 or a 3 = a 4 . Here α = min {γ, δ}, where
.
Then there exists a point u ∈ X such that u ∈ F (u) and u ∈ G (u), i.e., u is a common fixed point of F and G.
Recently Doric and Lazovic extended and generalized the fixed point theorems of Ciric, Kikkawa and Suzuki and others in the following theorem: 
Let (X, d) be a complete metric space and let T : X → CB(X). Assume that there exists r ∈ [0, 1) such that for every x, y ∈ X,
Then there exists z ∈ X such that z ∈ T z.
Theorem G. (see Ciric [5] , also refer to [6] ) Let (X, d) be a complete metric space and let S, T : X → X. Assume there exists r ∈ [0, 1) such that
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for all x, y ∈ X. Then S and T have a unique common fixed point.
Theorem H. (see S.L. Singh et al [18] ) Let (X, d) be a complete metric space and let S, T : X → CL(X). Assume that there exists r ∈ [0, 1) such that for every x, y ∈ X,
where φ(r) is defined in Theorem F, implies
for all x, y ∈ X.
Then there exists z ∈ X such that z ∈ Sz ∩ T z.
orbitally complete if and if only every Cauchy sequence of the form {x
S.L. Singh and S. N. Mishra [17] proved the following result (see Corollary 3.2 in [17] ). [17] ) Let (X, d) be a complete metric space and let T : X → CL(X). Assume that there exists r ∈ [0, 1) such that for every x, y ∈ X,
Theorem I. (see Singh and Mishra
If there exists a u 0 ∈ X such that X is (T, u 0 )-orbitally complete, then T has a fixed point. Definition 2.6. Let (X, d)be a complete space and let T : X → X. Then, T is called a Kannan mapping if there exists α ∈ [0,
for all x, y ∈ X for some r ∈ [0, 1), then T is called a generalized Kannan mapping.
Theorem J. (see Kikkawa and Suzuki [13] ) Let (X, d)be a complete metric space and let T : X → X and let ψ be a non-increasing function from [0, 1) onto (
for all x, y ∈ X. Then T has a unique fixed point z and lim n→∞ T n x = z holds for every x ∈ X.
Theorem K. (see Kikkawa and Suzuki [13] ) Let (X, d) be a complete metric space and let T :
is a onto and non-increasing function defined below:
Assume that there exists r ∈ [0, 1) such that for every x, y ∈ X,
Then T has a unique fixed point z and lim n→∞ T n x = z holds for every x ∈ X.
Damjanovic and Doric proved recently the following multi-valued extension of the above theorem. (1 − r) ,
Let (X, d) be a complete metric space and let T : X → CB(X)
Then there exists z ∈ X such that z ∈ T z. Then there exists a u ∈ X such that u ∈ Su ∩ T u( Here Φ is as specified in Definition 2.7).
Proof. Starting with u 0 ∈ X, define a sequence such that u 2n+1 ∈ T u 2n and u 2n+2 ∈ Su 2n+1 using Lemma 2.4.
Then in either case, we have
This implies
, we arrive at a contradiction. Hence
and this leads to
That is, d(u 2n , u 2n+1 ) ≤ βd(u 2n−1 , u 2n ). In similar manner, we have
From this, we have d(u n+1 , u n ) ≤ βd(u n , u n−1 ), n ∈ N . Therefore the sequence {u n } is a Cauchy sequence and has a limit u ∈ X.
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Next we prove that for any y ∈ X − {u}, D(u, T y)) ≤r.max {d(u, y), D(y, T y)} , D(u, Sy)) ≤r.max {d(u, y), D(y, Sy)} .
Since the sequence {u n }converges to u, there exists n 0 ∈ N such that d (u, u n ) ≤ 1 3 d (u, y) for y = u and for all n ≥ n 0 . We have 
This implies that D(u, T u) = 0, that is, u ∈ T u. In similar fashion, we can show that u ∈ Su Case 2. u ∈ Su and u / ∈ T u and Case 3. u / ∈ Su and u ∈ T u can be similarly disposed of. Assume that x = u. The for every n ∈ N , there exists z n ∈ Sx such that
Taking limit as n → ∞, we have
This implies that D(u, T u) = 0, that is, u ∈ T u. Similarly we can show that u ∈ Su.
, then we get Theorem H of Singh et al. [18] .
, then we get Theorem I of Singh and Mishra [17] . (1 − r) ,
Proof. Starting with u 0 ∈ X, define u 2n ∈ Su 2n−1 and u 2n+1 ∈ T u 2n using Lemma 2.4. In either cases,
where β = kr < 1 Similarly, we have d(u 2n+2 , u 2n+1 ) ≤ βd(u 2n+1 , u 2n− ). Thus d(u n+1 , u n ) ≤ βd(u n , u n−1 ). Therefore {u n }is a Cauchy sequence and let u n → u ∈ X.
Next we prove that
for all y ∈ X − {u}. since r 2 + r < 1. Hence we obtain u ∈ T u. Similarly we can show that u ∈ Su. Consider the case
≤ r < 1. We first prove that
That is,
Taking limit as n → ∞, we have φ(r)D(x, Sx) ≤ pd(x, u). Then
Let x = u 2n−1 .Then we have
Hence u ∈ T u. Remark 3.5. The above theorem holds if ϕ is replaced by φ (used in Theorem H).
Corollary 3.6. If S = T , we get Theorem L of Damjanovic and Doric [8] .
Corollary 3.6 yields the following result and this is same as Corollary 2.1 of Damjanovic and Doric [8] which generalized Theorem J of Kikkawa and Suzuki [13] .
Corollary 3.7. Let (X, d))be a complete metric space and let T : X → CB(X). Assume that there exists r ∈ [0, 1) such that for every x, y ∈ X,
where the function ϕ is defined in Theorem3.4 and r = 2α, that is, α ∈ [0, 1 2 ). Then there exists u ∈ X such that u ∈ T u.
Application
The existence and uniqueness of solutions of functional equations and system of functional equations that arise in dynamic programming have been studied using various fixed point theorems by several researchers ( Ref. Let U and V be Banach spaces and W ⊂ U and D ⊂ V . Let R be the field of real numbers and let B(W ) denote the set of all bounded realvalued functions on W . The space B(W ) endowed with the metric d B (h, k) = sup x∈W |h(x) − k(x)|, h, k ∈ B(W ) is a complete metric space. According to Bellman and Lee, the basic form of the functional equation of dynamic programming is given as p(x) = sup y∈D H(x, y, p(τ (x, y)), where x and y represent the state space and decision vectors, respectively, τ : W × D → W represents the transformation of the process and p(x) represents the optimal return function with initial state x. We present the existence and uniqueness of a solution of the following functional equations: p i (x) = sup y∈D H i (x, y, p(τ (x, y)), i = 1, 2, where H i : W × D × R → R are bounded functions. Let the mapping A i be defined by A i (h(x)) = sup y∈D H i (x, y, h(τ (x, y))}, h ∈ B(W ), x ∈ W , i = 1, 2.
Using the same technique as in Sing et al [18] and Doric and Lazovic [10] , the following theorem can be proved. There exists r ∈ [0, 1) such that for every (x, y) ∈ W × D, h, k ∈ B(W ) and t ∈ W , the inequality φ(r)min{|h(t) − A(h(t))| , h), |k(t) − A 2 (k(t))| ≤ |h(t) − k(t)| implies | H 1 (x, y, h(t)) − H 2 (x, y, k(t)) |≤ r.Φ{|h(t) − k(t))| , |h(t) − A 1 (h(t))| , |k(t) − A 2 (k(t))| , |h(t) − A 2 (h(t))| , c |k(t) − A 1 h(t)|}.
Then, the functional equations under consideration has a unique bounded solution in B(W ).
